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While studying this book, why not hear Grant explain it to you?
Contact Grant for info about purchasing Grant’s Audio Lectures. Some concepts
make better sense when you hear them explained.

Better still, see Grant explain the key concepts in person. Sign up for
Grant’s Weekly Tutoring or attend Grant’'s Exam Prep Seminars. Text or
Grant (204) 489-2884 or go to www.grantstutoring.com to find out more about
all of Grant’s services. Seminar Dates will be finalized no later than Sep. 25
for first term and Jan. 25 for second term.

HOW TO USE THIS BOOK
I have broken the course up into lessons. Study each lesson until you can do all of my
lecture problems from start to finish without any help. Then do the Practise Problems for that
lesson. If you are able to solve all the Practise Problems I have given you, then you should have

nothing to fear about your Midterm or Final Exam.

I have presented the course in what I consider to be the most logical order. Although my
books are designed to follow the course syllabus, it is possible your prof will teach the course in
a different order or omit a topic. It is also possible he/she will introduce a topic I do not cover.
Make sure you are attending your class regularly! Stay current with the
material, and be aware of what topics are on your exam. Never forget, it is your
prof that decides what will be on the exam, so pay attention.

Note that the Distance Ed course does Lesson 9 and Lesson 10 first in
(volume 2 of my book). It then goes back to Lesson 1 and follows sequentially
from there.

If you have any questions or difficulties while studying this book, or if you believe you
have found a mistake, do not hesitate to contact me. My phone number and website are noted
at the bottom of every page in this book. “Grant’s Tutoring” is also in the phone book.
I welcome your input and questions.

Wishing you much success,
Gnant Shene

Owner of Grant’s Tutoring
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20 LESSON 2: ROW-REDUCTION AND LINEAR SYSTEMS (Linear Algebra)

Lesson 2: Row-Reduction and Linear Systems

The Rank of a Matrix:

@ The rank of a matrix equals the number of leading 1’s it would have in its row-
reduced echelon form.

o If a system is consistent (one or infinite solutions), the rank of the coefficient matrix
is equal to the rank of the augmented matrix.

o If a system is inconsistent, the rank of the coefficient matrix is less than the rank of
the augmented matrix. (The augmented matrix will have a rank that is one higher
than the coefficient matrix.)

® The rank of the coefficient matrix could never be more than the rank of the
augmented matrix.

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1. Suppose that the following matrices are the row echelon form of the augmented matrix
of a system of linear equations. For each matrix answer the following questions:

(i) How many equations and how many variables were in the original system?
(ii) What is the rank of the coefficient matrix and the augmented matrix?
(iii) How many parameters are in the solution?

(iv) List the solution(s), if possible.

1 00| 3 120 3 0] 4
(@ |0 1 0| 5 () |0 01 -2 0]-3
0 1]-2 000 O01]0
102 0] 3
(¢ [0 1 3 4|-5
000 0] 1
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(Linear Algebra) LESSON 2: ROW-REDUCTION AND LINEAR SYSTEMS

2x + 3y + =
2. Consider the system b'e + 2

Suppose (1, 2, 1) is a solution to this system, find a, b and c.

3. Solve the following systems of equations using Gauss-Jordan elimination.

2x;, + 2x, — X, X, =
-, — X, + 2x, - 3x, + X, =
(a) 1 2 3 4 5
x, +  x, - 2x, - X5 =
XS + X4 + XS =
3x + 7y + 22 = 9
(b) 2x + 4y + 2z = 4
x + 3y - =z = 4
x, + x, + x; + x, =1
2x, + 3x, + 3x =1
(c) 1 2 3
-x;, - 2x, - 2x; + x, = 0
- X, - X3 + 2x, =1
2x + y + z = 2
(d) y - z = -1
X + z = 1
4. Solve the system of equations
-y + z =
X —y — 2z =
-X -z =

using Gaussian elimination and back substitution.

a
b.
c

21
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22 LESSON 2: ROW-REDUCTION AND LINEAR SYSTEMS (Linear Algebra)

5. Solve the two systems of equations below simultaneously:

x + 6y + 3z = 34 x + 6y + 3z = 30
X + 6y + 22 = 30 and x + 6y + 2z = 24
2y + 2z = 14 2y + 2z = 16

6. Given the system of equations

x - x, + 2x; = 0
X, x, = k,
-x;, + 2x, - 3x; =1

find, if possible, the value of k if
(a) the system has infinite solutions.
(b) the system has a unique solution.

(c) the system has no solution.
7. Given the augmented matrix
1 0 1|1
01 1|2],
O 2 al|b
find conditions on real numbers a and b such that:
(a) the system has no solution.

(b) the system has a unique solution.

(c) the system has infinitely many solutions.
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(Linear Algebra) LESSON 2: ROW-REDUCTION AND LINEAR SYSTEMS 23

8. A linear system of equations has been row-reduced into this augmented matrix (it is not
necessarily in RREF)

find all real numbers a such that:
(a) the system has infinitely many solutions.
(b) the system has no solution.

(c) the system has a unique solution.

9. Anne, Betty and Carol went to their local produce store to purchase some fruit. Anne
bought one pound of apples and two pounds of bananas and paid $1.85. Betty bought
two pounds of apples and one pound of grapes and paid $3.65. Carol bought one pound
of bananas and two pounds of grapes and paid $3.95. Find the price per pound for each
of the three fruits.

10. A company owns three types of trucks. These trucks are equipped to haul two different
types of machines per load. Truck 1 can haul 2 of machine A and 3 of machine B. Truck
2 can haul 1 of machine A and 2 of machine B. Truck 3 can haul 3 of machine A and 4
of machine B. Assuming each truck is fully loaded, how many trucks of each type should
be sent to haul exactly 18 of machine A and 26 of machine B. If there is more than one
possible solution provide all possible solutions, keeping in mind that the company can
use no more than 4 of any particular type of truck.

11. List all 3 X 2 row-reduced echelon form matrices.

12. Consider the linear equation with three variables: ax+by+cz=d (1)

where a, b, ¢, and d are any real number but d # 0.

Then, the associated homogeneous equation would be: ax+by+cz=0 (2) .

Let (x,, ¥, %) and (x,, ¥,, 2,) be two solutions to equation (1), and let (x,, ¥,, 2,) be
a solution to equation (2).

(a) Show (x,—x,, ¥y, —Y,, %, —%,) is a solution to equation (2).
(b) Show (x1 —Xo> Y1 —Yor 21 — zo) is a solution to equation (1).

(¢c) Show (kxo, ky,, kzo) is a solution to equation (2) where k is any real number.
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(Linear Algebra) LESSON 3: MATRIX MATH 85

Lesson 3: Matrix Math

Important Matrix Facts and Definitions:

@ An identity matrix I is a square matrix (n x n) where every number on the main
1 00

diagonal is 1. All other entries are 0. e.g. The 3 x 3 identity matrixis |0 1 O |.
0 01

Multiplying a matrix with I is essentially like multiplying by 1:

Al=IA=A

¥ A zero matrix 0 is a matrix of any size (m x n) where every entry is 0.

00
0
like multiplying by 0, the answer is a zero matrix of appropriate size:

0
e.g. The 2 x 3 zero matrix is . Multiplying a matrix with 0 is essentially
0

A0=0 and 0A=0
@ The inverse of matrix A is denoted A™*:
AA? =] and A'A=]

¥ Matrix A is symmetric if A" = A. To make your own symmetric matrix, put
any numbers you want in Row 1 then put those same numbers in the same order
down Column 1. Now put whatever you want in Row 2 and fill the exact same
numbers down Column 2. Continue until you have made the matrix of the desired
size. Note that all symmetric matrices are square (n x n).

@ Matrix A is skew-symmetric if A" =—-A. To make your own skew-symmetric
matrix, first, you must have 0’s down the main diagonal (starting in the top
left corner). Then put any numbers you want for the rest of Row 1 and put those
same numbers but with opposite signs in the same order down Column 1. Now put
whatever you want in the rest of Row 2 and fill the exact same numbers but with
opposite signs down Column 2. Continue until you have made the matrix of the
desired size. Note that all skew-symmetric matrices are square (n x n).
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86 LESSON 3: MATRIX MATH (Linear Algebra)

Diagonal Matrices:

® A diagonal matrix has strictly 0's off of the main diagonal.

2 0 0 O

0O 3 0 0}, . .
eg. A= is a diagonal matrix.

0O 0 -4 O

0O 0 O 10

Triangular Matrices:

@ An upper triangular matrix has strictly 0's below the main diagonal.

® A lower triangular matrix has strictly O's above the main diagonal.

-2 3 5 5 0 0 O
6 1 7 13 2 0 O
e.g. B= and C=
0O 0 -2 4 -4 7 -3 0
0O 0 0 1 8 10 6 10

B is upper triangular and C is lower triangular

Properties of Inverse and Transpose Matrices:

Inverse Transpose
(A1) =4 (aT) =A
(AB)' =B'A™ (AB)' = B'A"

_ 1 T T
kAY ' == A kA) =kA
(kA)" = (kA)
(A+ B)_1 A7 +B | (A+ B)T =A"+B’

(47) =(a)"
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(Linear Algebra) LESSON 3: MATRIX MATH 87
Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

6 -1
5 -3 3 1 -1
1. Let A= , B= ,and C=| 0 2.
2 1 2 12 0 4 7

Do the matrix operation indicated, OR explain briefly why the operation is impossible.

(a) A+B (b) B"+3C
(c) CA (d) BA
(e) AB+BC () A7 (AB)
(g) A'A' (h) A?
i) B G AA3
5 0 3 0O
2. Let A:[O 2] and B={0 -2 0|. Compute the following.
- 0 0 4
(@ A" (b) B () A°
(d) B (e) B H A

3. IfA, B and C are matrices such that (AB)CT is defined, and the size of Ais 5 x 4, B is

square and C is p x g, what size is (AB)C" ? Do you know what p or ¢ must be? Explain.

4. Give an example of 2 x 2 matrices A, B and C, if AB=AC,A#0, and B = C.

5. LetA, B and C be n x n matrices such that 2AB—3AC =1 . Indicate how you can tell A™
exists, and find A™ in terms of B and C.

6. LetA = [a;] be a2 x 2 matrix. GiventhatA + A"-4I = 0 and a,, = 3, find A.
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126 LESSON 4: INVERSE MATRICES (Linear Algebra)

Lesson 4: The Inverse of a Matrix and Applications

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1
1. Let A=|0
1

SO N -
T

(a) Find the inverse of A.

1
(b) Use your answer to part (a) to solve the system Ax =|2|.
3

1 -2 1 3
2. Consider the matrices A = and B = )
-2 2 6

3
(a) What value must ¢ have so that the system Ax :( ZJ is inconsistent?

1
(b) What value must d have so that the system Bx = L j has infinitely many solutions?

d

xl
2 4 -1 -15 1
X
3. (@ Solve| -3 -6 2 26| ?|=]0
X
3 6 3 9)°° 15
X

4
(b) Find a particular solution of (a) with x,=2.

(c) Find a particular solution of (a) with x,=5.

2 4 -1 -15 0
(d) Solve | -3 -6 2 261 *|=|0]|.
3 6 3 9)°° 0

© 1997-2011 Grant Skene for Grant’s Tutoring (text or call (204) 489-2884) DO NOT RECOPY



(Linear Algebra) LESSON 4: INVERSE MATRICES 127

-5
4. LetA and B be 3 x 3 matricesand b=| 2].
1
1
. Itipl 3by =
Given the following information: A —2dd3tmesrowlorow2 g bt iy SN
(a) Find A (b) Solve Ax=Db.
010
5. letC={0 0 1
5 00
(a) Compute C.
1 -1 2
(b) Find a matrix B, suchthat CB={0 1 1.
1 O

1 2 -1
(c¢) Find a matrix A such that AC = j

6. Show that, if s and t are solutions to Ax =b, then s - t is a solution to the associated
homogeneous system Ax =0.

7. LetA, B and C be square matrices such that AB=1 and BC =1. Is it necessarily true
that A=C? Justify your answer.

© 1997-2011 Grant Skene for Grant’s Tutoring (www.grantstutoring.com) DO NOT RECOPY



158 LESSON 5: ELEMENTARY MATRICES (Linear Algebra)

Lesson 5: Elementary Matrices

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1. For the matrices below, determine if the matrix is elementary. If it is, state the
elementary row operation it represents and state the inverse elementary matrix.

1 0 O 1 00 2 0 1
(a) | -3 1 O (b) |O 1 O (¢ |O1 O
0 O 1 0 0 4 0 0 1
1 0 0O 0 0 01 1 0 3 0
0 0 01 01 0O 01 0O
d e
(d) 0 01 O (e) 1 0 0O (0 0 01 O
01 0O 0 01 O 0 0 01

2. In each of the following cases, find an elementary matrix E that satisfies the given

equation.
1 2 3 4 1 2 3 4
(a) E =
26 79 0 21 1
1111 1111
(b) E|2 4 2 =1 1
01 01 01 01
111111 111111
(¢) E|2 3 2 3 2 3|=|7 8 9 7 89
7 8 97 89 2 3 2 3 2 3
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(Linear Algebra) LESSON 5: ELEMENTARY MATRICES 159

3.

4.

6.

S = O
= N O

1
Given that A=EE,D for D=|0
0

oS O O
w O O

110 1
,E =0 1 0O|,and E,=|0
0 01 0

(a) Compute A.
(b) Compute D', E;', and E, .
(¢) Use your result from (b) to find A™.

Assume A is a 4 X 4 matrix, and that B is obtained from A by adding 7 times row 3 to row
1.

(a) Write down an elementary matrix E, such that B=E A.

(b) Write down an elementary matrix E, such that A=E,B.

O 1 O
let A= 1 -1 2].
1 -1 3

(a) Express A as a product of elementary matrices.

(b) Using your answer to part (a), express the inverse of A as a product of elementary

matrices.
3 0 0
Let A= 0 O 1|. Find elementary matrices E,, E,, E; such that A=E E,E,.
-2 1 0
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(Linear Algebra) LESSON 6: DETERMINANTS 187

Lesson 6: Determinants and Their Properties

Important Determinant Facts and Properties:

@ The determinant of a diagonal or triangular matrix is simply the product of the main
diagonal. For example, given:

2 0 0 O -2 3 4 5 5 0 0 0

0 3 0 O 0 6 1 7 13 2 0 0
A= , B= , C=

0 0 -4 0 0 0 -2 4 -4 7 -3 0

0 0 0 10 0 0 0 1 8 10 6 10
|A|=—240, |B|=24, |C|=-300.

Elementary row operations have the following effects on a determinant:

o If you interchange 2 rows (or 2 columns), you change the sign of a determinant.

o If you multiply a row (or column) by any scalar, the determinant is also multiplied by
that scalar.

o If you add or subtract a multiple of one row to another row, the determinant is
unchanged. The same is true for columns.

Which is to say, given a square matrix A where det(A) = k, if:

Row Operation or Column Operation | Effect on det(A) = k
R, <R, or C; < C; new determinant = —k
R, —>cR, or C, > cC, new determinant = ck
R, > R *cR; or C; > C; +cC; new determinant = k (unchanged)
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188

LESSON 6: DETERMINANTS (Linear Algebra)

Determinant Properties:

o

g

g

g

If A is an n x n matrix, then |kA|=k"

Al

B |45
1

A==

‘ ‘ |A|

A7) =

|4%| =145 |4%| =|A;...|a"| = |A]"

|A+B|#|A|+|B| (there is no property for |A+ B|).

If matrix A has a 0-row or 0-column, then |A| =0.

If matrix A has 2 identical rows or 2 identical columns, then |A| =0.

If matrix A has one row which is merely a multiple of another row (or if one column
is merely a multiple of another column), then |A|=0.

If matrices A, B and C are all identical except for the rth row (for example, maybe the
2nd row is different in all the matrices), and, if adding the rth row of A to the rth row
of B actually makes the rth row of C, then:

Cl=A]+[B]

The same property applies for columns.

(This is, without doubt, the world’s most complicated property of determinants, and I
wouldn’t worry about trying to remember it.)
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(Linear Algebra) LESSON 6: DETERMINANTS 189

The “"Equivalent Statements” Theorem:

If A is an n X n matrix, then the following statements are equivalent (i.e., If one
statement is known to be true for a given matrix A, then all the statements are true; if
one statement is known to be false, then all the statements are false.)

(a) det(A)=0.

(b) A is invertible.

(¢) The reduced row-echelon form of A is I.

(d) Ax =0 has only the trivial solution (i.e., the only solution is (0, 0, 0, ...)).
(e) Ax =D is consistent for every n x 1 matrix b.

(f) Ax =D has exactly one solution for every n x 1 matrix b.

(g) The rank of A is n.

(h) A is expressible as a product of elementary matrices.

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1. Compute the determinants of the following matrices:

1 2 -3 2 6 3 11
1 -3 0O 2 -6 6
(@ A= (b) B=| 3 8 4 (¢) C=
2 5 9 3 5 0o 1 3 -3
1 3 -1 7

2. Suppose A and B are 4 x 4 matrices with |A\ = 3 and |B \ = -2. Find \C\ if:

(a) Cis obtained from A by multiplying row 3 of A by 2.
(b) Cis obtained from B by interchanging rows 2 and 4.

(c) Cis obtained from A by subtracting 3 times row 3 of A from row 1 of A.

(d C=2A (€ Cc=—B () C=A" (g C=AB (h) C=B"

© 1997-2011 Grant Skene for Grant’s Tutoring (www.grantstutoring.com) DO NOT RECOPY



190 LESSON 6: DETERMINANTS (Linear Algebra)

3. LetA be a 3 x 3 matrix and suppose det(A) = 5. If B and C are obtained from A by the
row operations:

A R1—-3Ro+Rg >B

B R1—-3Rq C

find det(B) and det(C).

4. If S is an invertible matrix and B=S"AS, prove that |A|=|B|.

X 0 -3x
5. let A= b x-1 -3
0 0 2x -1

(a) Find the determinant of A.

(b) For what values of x is A not invertible?

6. Compute the determinants of the matrices below by first row-reducing them into
triangular form.

2 6 3 11
3 -8 11
0O 2 -6 6
(a) 1 -2 3 (b)
0O 1 3 -3
-2 8 -16
1 3 -1 7
2 6 3 11
3 -8 11
0 2 -6 6
7. letA=| 1 -2 3|land B =
0O 1 3 -3
-2 8 -16
1 3 -1 7
(a) Compute the A;, minor. (b) Compute the A,, cofactor.
(c) Compute the B,, cofactor. (d) Compute the B,, cofactor.
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236 LESSON 7: ADJOINT MATRICES (Linear Algebra)

Lesson 7: The Adjoint Matrix

Memorize this Formula:

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1 2 0
1. IfA=2 -3 1|,
0o -7 2
(a) Find adj(A). (b) Find A
x + 2y = 4
(c) Solve the system 2x - 3y + g = -2
- 7y + 2z = 5
1 011 -2 2 0 1
0 01 O -1 -1 -1
2. IfA= , then adj(A) = P . Find p and q.
1 1 10 0O g O O
1 0 0 2 1 -1 0 -1

3. A and B are 3 x 3 matrices where |A| = 2 and |B| = 3.

(a) Find A (adj(A)). (b) Find |A (adj(A))|.

(c) Find AB (adj(AB)). (d) Find |AB (adj(AB))]|.
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LESSON 8: CRAMER’S RULE (Linear Algebra)

Lesson 8: Cramer’s Rule

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1. For the given systems of equations below, determine if Cramer’s Rule can be used to
solve the system. If the answer is “yes”, solve the system.

x + 2y
(@ 3x + Yy

5x

2x + 3y
(b) x + 4y

3x - y

+

3z

22z
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